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INTRODUCTION 


This  thesis  deals  with  a  phenomenon  arising 
in  mathematical  analysis  called  the  Gibbs  phenomenon. 
Much  work  has  been  done  concerning  this  phenomenon 
and  many  of  the  known  results  are  presented  here. 

Some  of  the  results,  however,  are  new. 

In  chapter  I  we  formulate  a  precise  general 
definition  of  the  phenomenon.  Two  other  definitions 
occuring  commonly  in  literature  are  discussed  and 
shown  to  be  equivalent  to  ours.  A  third  definition, 
also  occuring  in  literature,  is  shown  to  give  rise 
to  an  inconsistency. 

In  chapter  II  we  discuss  limiting  processes 
(summation  methods),  that  is,  methods  by  which 
generalized  limits  are  found  for  sequences  and 
functions. 

The  theory  of  the  two  preceding  chapters  is 
applied,  in  chapter  III,  to  the  Gibbs  phenomenon  as 
exhibted  by  the  partial  sums  of  the  Fourier  series 


oo 


and  by  the  partial  sums  of  the 


k=1 


Fourier  series  in  general 
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CHAPTER  I 


THE  DEFINITION  OF  THE  GIBBS  PHENOMENON 


Most  authors  define  the  Gibbs  phenomenon  as  follows ; 
Definition  1.1:  Let  £  fn(x) }  be  a  sequence  of  function 
such  that  lim  f  (x)  =  f(x)  for  0  <  x  -  t  I  <  h.  Then 


n  _>  oo 


n 


|fn(x)|  is  said  to  exhibit  the  Gibbs  phenomenon  at  x  =  f 
if 


lim  fn(x)  >  lim  f(x) 


n  .  oo 

x  ->t 


X 


or 


lim  f  (x)  <  lim  f(x) 


n  ->oo 
x->t 


X  ->f 


In  order  to  discuss  this  definition  it  is  necessary  to 


know  exactly  what  is  meant  by  lim  f  (x)  ,  lim  f(x)  ,  etc. 

n  x  -»f 


n  -> 00 
x 


Definition  1.2  (Hobson  f7l) : 


lim  fn(x)  =  lim  sup  [  fm(x)  ;  m  >  pn  ,  0  <  x  -  £  <  c fR 


n  ->°° 
x  ->f 


n  -><=*> 


where 


lim  pn=oo,Jn  >0  for  n  =  0 ,  1 , .  .  . ,  and  lim  4  n  = 


n  -*00 


n  ->«> 


Hobson  remarks  and  it  is  easily  shown  that  lim  f  (x) 

n  ->oo  n 

x  ->* 

is  independent  of  the  particular  sequences  { Pn  ]  an<i  {  cfn  ] 


.  ;  . 


- 


■ 


:  •  .  , 
.. 


.  ,  ,  ;  ' 

■;  -  f. 


■ 


•  c  .  )  ...  '  f  ■  '  -  . 

- 


, 


• y-  • 


v 


,  .  - 

■  ■- 


2 


which  we  choose. 

Definition  1.3  (Graves  [4]  ) : 

Tim  f(x)  =  lim  sup  [  f(x)  ; 
x  ->  /  6  +0 


Zalcwasser’s  [2l]  definition  of  the  G-ibbs  phenomenon  is 

very  similar  to  Definition  1.1  except  that  lim  fn(x)  is 

n  -><*> 
x  ->J 

replaced  by  the  quantity  lim  (lim  sup  If  (x);  m>n,  0<|x  -  f  <  d 

n L  m 


Let  us  denote  this  quantity  by 


lim  f  (x)  =  lim  f  (x)  . 
n  ->®°  n  -»<» 

x  x  | 

positive  non-increasing  null  sequence. 
Let  r  be  a  positive  integer.  Then  for  n  >  r  * 


sup  [fm(x)  ; 

m  >  n  , 

v> 

1 

X 

V 

0 

<<*n] 

<  sup  [ 

f  (x)  ; 

.  m'  *  ’ 

m  ^  n  ,  0  <: 

|x -f |< 

] 

Taking  limits 

as  n 

->  we  obtain 

lim  f  (x)  <: 

n  ->oo  n 

x  ->| 

lim 

n 

sup  [  fm(x) ;  m  >  n  ,  0 

<  |x  -  ! 

1  <  <frl 

which  is  true  for  every  positive  integer  r. 
r  ->  we  have 

lim  fn(x)  <r  Z  -  lim  fn(x)  . 

n  -><=«  ~  n  -> 00 

oc~>t  x  ->  f 


Z  -  lim 
n  ->°° 
x  ->  'i 

Theorem  1.1 :  7 


Proof:  Let  {cfn}  be  a 


Taking  limits  as 


c 


W 
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Also  for  n  >  r, 


sup  ;  0  ^  |x  -  f|  <  <fr] 

<  sup  [  fm(x)  ;  m  >  r,  0  <  |  x  -  £  |  <  <S  r]  . 
Again  taking  limits  as  n  ->  <*>  and  r  ->  <=o  we  obtain  the 
results 


Z  -  lim  f  (x)  lim  f  (x)  • 

n->°o  n  =  n  ->°°  n 
x  |  x  ->  f 


The  following  theorem  is  also  of  interest: 
Theorem  1.2: 


Let  Z*  -  lim  f„(x)  =  lim  (lim  sup  f_(x)  ;  m  >  n,  0  <  x  -  f  K 
n  ->°°  n  -> «»  ->  0 

x->f 


Then  Z*  -  lim  f  (x)  =  lim  fn(x)  . 
x  ->  |  x  ->  f1 

The  proof  of  this  theorem  is  similar  to  that  of  Theorem 

1.1. 


Theorems  1.1  and  1.2  establish  two  alternative  definitions 

of  lim  fn(x)  as  well  as  the  equivalence  of  Zalcwasser's 
n  ->®o 
x->f 

definition  and  Definition  1.1. 


Theorem  1.3:  Under  the  same  hypothesis  as  Definition  1.1, 


lira  f  (x)  >  lim  f(x) 

n  ->°°  n  ~  x  ->  t 
x->! 

This  theorem  is  necessary  in  order  to  justify  Definition 
1.1  and  can  be  proved  most  easily  using  Zalcwasser’s  definition 


of  lim  f  (x)  • 
n  ->«»  Ll 
x-»£ 


- 

fx )  ^  *> 


* 


' 


_ 


Proof : 


30 
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Choose  0  <  &  h.  Let  £  >  0.  Choose 


x. 


that  0  <  |  x0  -  f  |<  and  also  so  that  f(xD)  ^  3UP  [f(x); 

°<|x-f|<j]  -  J  . 

2 

Let  N  be  a  positive  integer  such  that  fn(xQ)  -  f(xQ) 
for  n  >  N  .  Then,  for  n  >  N  , 


fn(x0)  i  sup  [fm(x)»  m>n,  0<r|x~f|<<4] 

Hence  for  n  j>  N  , 

sup  [fm(x)  J  m>n,  0  <  |x  -  f  |  <  *] 

>  sup  [  f(x)  ;  0  <  |  x  -  f|  <  ^  J  ~  ^ 

Taking  limits  as  n  -><*>  and  4  0  we  obtain  the  desired 

result. 

We  now  turn  our  attention  to  what  is  generally  known  as 
the  "Gibbs  set"  of  the  sequence  {fnw]  at  the  point  x  =  f  • 
We  again  assume  the  hypotheses  of  Definition  1.1. 


Definition  1.4:  Let  0<  d  <  h.  Let  X  ( f  >  <f )  be  the  set 

of  all  sequences  (x  }  such  that  0  <  |  xn  -  f  |  <  <f  and  lim  x  =  f 

n  «> 

Let,  for  {xnj  €  X(  f  }  £  )  ,  G-(  f  ,  xn)  be  the  set  of 

the  limit  points  of  the  sequence  {fn(xn)l  (It  is  easily  shown 
that  G(t  »xn)  is  independent  of  J  ) .  Let  G(f )  =  U  [g( f  ,x  ) ; 

{*nJe  )] . 

Then  G("f)  is  called  the  Gibbs  set  of  the  sequence 

{f  (x) }  at  x  =  J  . 
v  n 


role*} 
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Theorem  1.4: 
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sup  G(  f  )  =  11m  f  (x) 

n->oo  11 

x->f 


Proof:  Let  g  e  G-(f).  Let  {  xR  ]  €  X(  £  ,  <£  )  such  that  g 

is  a  limit  point  of  {fR(xn)}  .  Let  {  <Jn  }  be  a  null  sequence 


such  that 


x 


n  -  f  |  <  <4n  for  n  =  0,  1,  .  .  . 


(This  is 


possible  since  lim  | x  -  |  =  0) . 


n  -><*> 


Then  f^x^)  <  sup  [  fm(x)  ;  m  >  n,  0  <  |  x  -  £  j  <  <f  n  ]  . 

It  follows  that  g  <  lim  f  (x)  and  hence  sup  G("f)  <  lim  f  (x)  . 

b->oo  -  n  n 

X  ->  f  X— >  t 

Let  [<£n}  be  a  positive  null  sequence.  Let  £  >  0.  For 

such  that  mn  j?  n, 


n  =  0,  1 


0  ^ 


,  choose  mn  and  xn 


xn  “  I  |  <  and  also  such  that  fm^(xn)  >  sup  [ 
m  >  n,  0  <  -  £  .  Let  g  be  a  limit  point  of  the 

sequence  {  f^  (xn) }  .  It  follows  that  g  €  G-(  £  )  and 


g  >  lim  f  (x)  -  £ 
n  -> 
x  ->  f 


sup  G-(  t  )  >  lim  f  (x) 

"  n  ->oc  a 
x  ->f 


Hence  we  arrive  at  a  fourth  definition  of  lim  f  (x) 

n  ->«o 
x  ->f 

-  one  which  will  prove  very  useful  when  we  come  to  discuss  the 
G-ibbs  phenomenon  as  exhibited  by  the  partial  sums  of  Fourier 
series. 

So  far  we  have  discussed  only  the  Gibbs  phenomenon  as 
exhibited  by  a  sequence  |fn(x) j  of  functions. 
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Let  us  now  consider  a  function  gr(x)  where  r  Is  a 
continuous  real  parameter  which  approaches  the  value 
p  i  -  qo  <  p  ^  oo  ,  in  some  prescribed  manner.  In  the  following 
discussion  it  will  be  assumed  that  p  is  finite;  trivial 
modifications  are  required  in  the  case  that  p  is  infinite. 


Definition 

1.5: 

Let 

Sr(x)  exist 

for  0  <■  |  r  -  |  <  h, 

and  0  <  |  : 

*  -  t\ 

<  h-2 

and  let  lim 

r-*>p 

gr(x)  =  f(x)  for 

0  <  1  X  -  I 

j  <  h 

i  \  ‘ 

Then  gr(x) 

is  said  to  exhibit  the 

G-ibbs  phenomenon 

at  x 

=  f  « 

lim 

Z# t 

grU) 

>  lim  f(x) 
x->| 

or 

lim 

r 

*->? 

Sr(x) 

<  lim  f(x) 

x->I 

• 

Here 

lim 
r  ->>  f 
x  ->f 

Sr(x) 

is  defined  as 

follows : 

Definition 

1.6 

(Hobson 

lzlr 

lira  g.Ax)  =  lim  sup  |*gr(x)  ;  o  < 

IVi  L 


r  - 


r 


<  £n,  o  <  x  »  f  |  <  £ 


where  |£n]  and-  { c(n  }  are  positive  null  sequences. 
It  is  easily  shown  that 


lim  gr(x) 
r  ->P 

x  ->  t 


=  lim  (lim  sup  [  gr(x)  ;  0  <  1 1*  -  ^  |<£,  0  <  x  -  f  <  i  ]  ) 


&  -*>  0  £  -&0 


=  lim  (lim  sup  f  gr  (x)  ;  0  <  I  r  -  p  \<£,  0<lx-£|<£]  )• 

£->o  <s-» o 


n 


1  ■ 


~  .... 


.  . 


< 


, 


- 

. 


— 
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(The  proofs  are  similar  to  the  proof  of  Theorem  1.1). 

In  order  to  show  the  connection  between  Definition  1.5 
and  Definition  1.1  we  let  r  approach  in  the  prescribed 
manner  through  a  sequence  {  rn  ]  and  define  f^(x)  =  Sp  (x) 

for  n  =  0,  1 ,  *  * • 

Then  we  have  lim  f  (x)  =  f(x)  for  0  <  I  x  -  f |  <  h, 

n  ->oo  11 

Theorem  1.5:  lim  fn(x)  i'  lim  6  (x) 

n  -><=0  “  r  ->  f 

x  ->  t  x  ->  i 

when[fn(x)}  and  Sr(x)  are  defined  as  above. 

Proof:  Let  {£'n}  and  {^n}  he  positive  null  sequences. 

Let,  for  n  =  0,  1,  *  *  * »  mn  he  a  positive  integer  such  that 
0  <  |  rm  -  p  |  <  £  n  for  m  >  mn  .  Then,  for  n  =  0,  1,  •••  , 


sup  [ gr(x) ; 

0 

<  1  r  - 

? 

1  < 

£  n> 

0 

<  lx  -  ? 

>  sup 

[srm«; 

m 

=>  mn  ’ 

0 

|  x  - 

*1 

<  *n] 

=  sup 

[fm(x>  5 

m 

^  mn  * 

0 

< 

u  - 

t  1 

<  'n] 

Taking  limits  as  n  ->  c©  we  obtain  the  desired  result. 

A  corollary  of  this  theorem  is  that  if  {f  (x)J  exhibits 
the  Gibbs  phenomenon  at  x  =  f ,  then  so  does  gr(x)  . 

Zygmund  [22]  defines  the  Gibbs  phenomenon  as  follows: 
Suppose  that  a  sequence  {  fn(x) }  converges  for 

xo  *  x  =  xo  +  h  to  a  limit  f(x)  and  that  f(xQ  +  0)  exists. 
Suppose  that,  when  n  ->  and  x  xQ  independently,  we  have 
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lira  sup  fn(x)  >  f  (xQ  +  0) 
or  lim  inf  fn(x)  <  f  (xQ  +  0)  , 

then  we  say  that  [fn(x)j  shows  the  Gibbs  phenomenon  in  the 
right  -  hand  neighbourhood  of  x0  .  Similarly  for  the  left  - 
hand  neighbourhood. 

Here  we  shall  interpret  lim  sup  fn(x)  as  meaning 

lim  f  (x)  where 
n  ->°° 
x  ->x0+ 

lim  f  (x)  =  lim  SUP  [fm(x);  0<  x  -  xQ  <  f  ;  m  >  n  ] 
n  ->°°  n  ->  °o 

x  ->  x0+ 

where  {Cn}  is  any  positive  null  sequence. 

Let  us  suppose  that  the  Gibbs  phenomenon  does  not  occur. 
Then,  by  Zygmund's  definition,  we  must  have 

Hi  f  (x)  =  lim  f  (x)  =  f  (x  +  0) 
n  ->®o  n  n  _>oc  n  u 

x  ->  xQ+  x  ->  x0+ 

.*.  lim  f  (x)  exists  and  equals  f  (x  +  0) 
n  n  ° 

x  ->  x0+ 

(See  Hobson  [7])- 

Now  let  us  suppose  that  the  functions  fn(x)  are  right  - 

hand  continuous  at  x  =  xQ  and  that  lim  f  (xQ)  exists  and 

n  ->°° 


equals  f(xQ)  . 


t  , 

... 

* 

(  . 

'-'r '■  ZTi 


n  ■  V  ,  -  ;*  >0  i  .  ;  :  ;  •.  .  yj;r  r,  ;  • ; r • 
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Then  f  (x  +  0)  =  11m  f  (x) 

o  n 

n  -><» 

x  ->  x0+ 

=  lini  fn(x  ) 
n  ->oo 

=  f(x0) 

and  hence  f(x)  Is  right  -  hand  continuous  at  x  =  xq  . 

Hence,  by  using  Zygmund's  definition,  we  have  arrived  at 
the  following  result: 

If  f  (x)  is  right  -  hand  continuous  at  x  =  x^  for 
n  o 

n  =  0,  1,  •••  and  if  lim  f„(x)  =  f(x)  for  x_  <  x  <  x_  +  h 
and  if  f(x)  is  discontinuous  at  x  =  xQ  ,  then  |f  (x)} 
exhibits  the  G-ibbs  phenomenon  at  x  =  xq  . 

This  result,  however,  contradicts  the  known  result  that 
the  Cesaro  means  of  order  1  of  the  sequence 

do  not  exhibit  the  G-ibbs  phenomenon.  (See  Chapter  3)  • 

The  difficulty  is  due  to  Zygmund’s  defining  the  Gibbs 
phenomenon  at  x  =  xQ  in  the  right  and  left  -  hand  neighbour¬ 
hoods  of  xQ  separately.  The  above  analysis  shows  that  this 
cannot  be  done  in  the  way  that  he  has  tried  to  do  it. 

In  our  subsequent  discussion  we  will  adopt  Definition 
1.1  as  our  definition  of  the  Gibbs  phenomenon.  We  are,  of 
course,  at  liberty  to  use  any  or  all  of  the  equivalent 
definitions  of  lira  fR(x)  . 

n  ->oo 

x->f 
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CHAPTER  II 
LIMITING  PROCESSES 

The  common  limiting  processes  fall  into  two  groups : 

I.  Let  A  =  (anlc)  be  a  matrix  of  complex  numbers. 

Let  S  be  the  set^of  all  sequences  £sn}  of  complex  numbers 


such  that  <r. 


n=  E 


k=o 


anK  s* 


exists  for  n 


0,  1,  ••• 


A  is  called  a  limiting  process  if  there  exists  a  sequence 
{s  ]  £  S  such  that 

(i)  lim  s  does  not  exist. 


n  ->°o 


n 


(ii)  lim  c  does  exist, 
n  ->oo 


If  lim  <r  exists  and  equals  cr  then  we  say  that  the 

p  -■>«>  n 


sequence  {sn}  is  A  -  limit able  to  the  value  <r  and 


we 


write  A  -  lim  sn  =  cr  . 
n  ->co 


If,  for  any  sequence  { sn  ]  ,  A  -  lim  sn  exists  and 


n-><*> 

equals  lim  s  whenever  the  latter  exists  then  A  is  called 

n  ~>  <*>  n 

a  regular  limiting  process.  Necessary  and  sufficient  conditions 


for  the  regularity  of  A  s.re 


a)  Z 


k=o 


ank 


<  K  for  n  =  0,  1,  •••  where  K  is 


independent  of  n. 


00 


(ii)  lim  Y" 

n  ->~  ]f=fc 

(iii)  lim  cl 


ank  1 


n  ->oo 


lnK 


=  0  for  k  =  0,  1, 


•  •  • 


I 

* 

. 
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oo 

z 


k=0 


If  |  sn  *]  is  the  sequence  of  partial  sums  of  a  series 

ak  and  if  A  -  11m  s  exists  and  equals  cr  ,  then  we 

n  ->°°  n 


is  A  -  summable  to  the  value 
=  cr  .  For  this  reason  a  limiting 
process  is  also  called  a  summation  method. 


say  that  the  series 

k=< 

and  we  write  A  - 

k=0 


II.  Let  JT  =  {  0n(Z)}  be  a  sequence  of  complex  functions 
of  a  continuous  complex  parameter  Z  which  approaches  the  value 
a  in  some  prescribed  manner.  Let  S'  be  the  set  of  all  sequences 
{  sR  ]  of  complex  numbers  such  that  cr  ( Z)  =  j^Q  J2^(Z)  sk  exists 

for  |  Z  -  a  |  small  enough.  Then  jzT  is  called  a  limiting 

process  if  there  exists  a  sequence  { sn]^  S'  such  that 

(i)  lim  s  does  not  exist, 
n  ->>  <» 


(ii)  lim  o-  (z)  does  exist. 

Z  -*a 

If  lim  {Z)  exists  and  equals  cr  then  we  say  that  the 
Z  -*■  a 

the  sequence  {  sn  ?  is  W  -  limit  able  to  the  value  cr  and  we 

write  _F  -  lim  s  =  cr  . 
n 

The  actual  difference  between  the  two  types  of  limiting 
processes  is  small  when  we  consider  that,  in  II,  we  may  let 
Z  approach  a  through  a  sequence  {  Zn  }  and  let  A  =  (a^)  = 

(Zn)  )  and  =  <r(Zn).  If  we  do  thlSjthe  regularity 
conditions  for  a  limiting  process  _F  can  be  derived  from 
those  for  a  limiting  process  A.  Hence  necessary  and  sufficient 
conditions  that  r  be  a  regular  limiting  process  are 


- 


. 


- 

, 

♦ 


' 

. 

■.£;  ■ 


. 

: 


- 

- 


.  .. 

~ 


~ 


, 


- 


.  .■ 

5  ’  ■'  .  /  :  '  ,.i  .  .  - 
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(i) 

Z 

k=0 

0k(Z)  £  K 

for  |z  -  a|  small  enough  where 

K  is 

independent 

oo 

of  Z. 

(il) 

lim 

Z  4  (-) 

=  1 

Z  a 

k=0  K 

(ill) 

lim 

Z  a 

o 

li 

"tsT 

for  k  =  0,  1,  **•  , 

Examples  of  limiting;  processes  of  type  I : 


Cesaro’s  Method: 


n  - 


k  +  r 
r  -  1 


-  1 


a 


nk 


where  r  >  -  1 


Euler’s  Method: 


nk  " 


n  +  r 
r 


for  k  =  O,  • • •  n 


0  otherwise 


( 


fk)  ( 1  "  r) n“k  for 


k  =  0,  •  •  • ,  n 


0  otherwise 
where, for  regularity,  0  <  r  <  1  . 


Hausdorff’s  Method:  J  (l  -  r)n“k  d /{ r)  for  k=  0,  •  • 


ank  - 

0  otherwise 

where,  for  regularity,  /  (r)  is  of  hounded  variation  in  ^Chl^ 
*(1)  -  /(o)  =  1  and  /(0+)  =  ^  (0)  .  The  integral  involved 
is  a  Stieltjes  integral.  /  (0)  may  he  taken  to  be  zero. 


Norlund’s  Method: 


P 


n-k 


n 


a 


nk 


Z 

k=0 


'k 


for  k  =  0  . . . ,  n 


0  otherwise 


- 


) 


_ 


r> 

e  ... 
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where  p0  >  0,  pn  £  0  for  n  =  1,2,  •••  and,  for  regularity; 


n 


n 


lim 

n-*°° 


X 

k=0 


fK 


=  0 


K  -  Methods :  To  the  regularity  conditions  we  add  the  restriction 

oo 


k  KiJ  <  00 

(1  -  r)"*1 


for  n  =  0, 1 ,  •  •  • 


k=l 

Taylor *s  Method: 


oo 


(1  -  re) 


n+1 


9 


n 


=  31  ank  ®k  ’  lre|  <  1 


k=0 


ie. , 


nk 


0  for  k=0,l, • *  * ,  n  -  1 

(1  -  r)n+k  (*)  r  k'n  for  ten,... 


[f, dj  Method: 


aoo  =  0 


n 


Tf 

J=1 


©  +  d. 
1  +  d, 


oo 


z 

k=0 


a  .  © 
nk 


k 


where  >  0  for  n=l,2,**#  and,  for  regularity, 

£30 

y  -1- 

ir\  dn+l 


=  OO 


V  ^ 

Bernstein  -  Ro^.os inski  Method: 


a„  =  cosk  -  cosk 

n  2n+l 


2n+l 


for  n,  ^  =  0,1,*** 


- 


~  - 


:  ' 

,  » 


- 


t  •  X 


■ 


;  c 


- 


- 


.  1 


-  •  « 
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Barlaz 1  Method : 
ank  = 


ki 


for  k=  0,  1,  *  •  * 


0 


where  lim  xn  = 
n  ->°° 


otherwise 

and,  for  regularity, 


lim  xn  -  n 


Sonnenschein* s  Method: 


=  _  oO 


[f(Z)  ]  n  =  Zk  f0r  n  =  lf  2> 

k=0 


OO 


aoo  =  1  ’  a0k  =  0  fork  =0,  1,  . 

where  f(Z)  is  analytic  for  |z|  <  R,  R  >  1  ,  f(l)  =  1  and 
| f ( Z) |  <  1  for  | Z I  <  1  ,  2^1.  For  regularity,  ReA  ^  0 
where  A  is  defined  by 

f(Z)  -  Zf’^  =  AXP  (Z  -  1)P  +  0((Z  -  1)P+1)  as  Z  ->  / , 

If  f(Z)  ^  Zk  for  some  k  then  the  above  condition  is 
also  necessary  for  regularity. 


Examples  of  limiting  processes  of  type  II : 

Borel's  Method:  0k  (Z)  =  e~Z  Z^ 

k! 

where  Z  approaches  ©o  through  real  values. 

Abel's  Method:  0k  (Z)  =  (l  -  Z)  Zk 

where  Z  approaches  1  -  through  real  values. 


1 


. 


- 


— 


s  l 


.  • 


'  • 

'  } ... 


,  '  -  . . 


\  A 


. 

»  '  '  • 


. 


' 

/ 


' 


* 


.  -  ;  -- 


1  . 


Rlemann’s  Method:  0  (Z)  =  ( --ft- ^  V~ 

V  v^Z  J  \  (i/+l)Z  / 

where  Z  approaches  0  through  real  values. 


Rlesz*  Method;  (  (R,  *n>  °0  method.): 


where  0  =  XQ<>1  < 

integer  k  such  that  <•  u> 


• •  ,  m  is  the  largest 

and  co  approaches  c©  through 


real  values 


' 


- 


' 


C  *  ■  *  , 


. 

. 
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CHAPTER  III 

THE  GIBBS  PHENOMENON  AS  DISPLAYED  BY  THE  PARTIAL 
SUMS  OF  FOURIER  SERIES 

The  Classical  Example  of  the  Gibbs  phenomenon : 

Let  f  be  the  periodic  function  of  period  2'?!  such  that 


f(x) 


,( 


0  for  x  =  0 
7T  -  x 


V  2 


for  0  x  <  2'N” 


Then  lim  f(x)  =  IT  . 
x  ->  °  2 

CO 

f(x)  is  represented  by  the  Fourier  series  X ' 

\!-l 


ie.,  lim  s  (x)  =  lim 

n  -><*>  n  n  ->«> 


n 


Z 

u=l 


sinv^x 


=  f(x) 


sint'x 


sn(x) 


x  n 

/  Z 

)  v/=l 


cos  i/u  du 


x 


sin  (n-Hs-)u 

2  sin  M 
2 


du 


Let  { x  ]  be  a  sequence  such  that  lim  xn  =  0+.  Then 
n  n 


nx. 


it  is  easily  shown  that  sn(xn)  =  j' 


n  iiSH  du  +  o(l) 
u 


X 


as  n  ->o©  .  Nov/  the  function 


Slnu  du  (x  >  0)  attains 
u 


its  maximum  value  at  x  =  TT 


■  .  -  :  ; 


■ 


- 


- 


!  ) 


- 


- 
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'K 


lira  sn(x)  <; 
n  ->°°  =  J 


alnu 

u 


du 


x  ->o  o 

However  by  putting  { xn  ]  =  we  see  that 

foinu  ke;L0ngS  to  the  Gibbs  set  of  {sn(x)}  at  x 

n X 


u 


=  0, 


Tim  sn(x)  =  /  M.nT4 

n  ->o°  11  J  u 


du 


x  o 


=  (1.1789797- ••)  ^ 


> 


IT 

2 


=  lim  f(x). 
x  ->o 


Hence  the  Gibbs  phenomenon  occurs  at  x  =  0. 

If  we  now  transform  the  sequence  { sn(x )}  by  means  of  a 
regular  limiting  process,  the  derived  sequence  will  also 
converge  to  f (x) .  The  question  arises  as  to  whether  this 
sequence  also  exhibits  the  Gibbs  at  x  =  0.  The  following 
results  are  known: 


Theorem  3.1:  Let  A  =  (ank)  be  a  regular  limiting  process. 


’  ank 

be 

real  and  >  0 

for  n,k  = 

0,  1,  •••  .  Let  <^n(x) 

oo 

k=0 

ank 

s^(x).  Then 

lim  <3~n(x) 
n 

X  ->>  0 

^  lim  sn(x).  (in 

n  ->co 

X  HO 

fact,  this  theorem  is  true  for  any  sequence  { sn(x)j  of  real 
functions  with  0  replaced  by  ?  ) . 


. 


- 


,  }  .  '  • 
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«■  - 
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This  theorem  is  well  -  known  and  is  stated  as  an 
exercise  in  Rogosinskl  [17]  •  For  lack  of  a  reference  we 
give  the  following  proof: 

Proof:  Let  g  be  a  member  of  the  Gibbs  set  of  { ^(x) 

at  x  =  0.  Then  g  is  the  limit  point  of  a  sequence 

|crn(xn)j  where  {  x^  }  is  some  null  sequence.  Let  {  ran } 

be  a  non-decreasing  subsequence  of  {n}  such  that 

lim^mn(x  )  =  g. 
n  ->oo  n 

oO 

Now  =  ]T  >  s^x^)  . 

k=0 


Let 

{  ^n3 

be  a  null  sequence  such 

that 

xmn  |  < 

for  n  =  0, 

1,  •• 

*  and  let  r  be  any  positive 

integer. 

Since  ank 

>  0 

for  n,  k  =  0  ,  1 ,  • • • , 

it  follows  that 

r-1 

mn^xmn)  = 

Z 

a^k  sk(xmn)  +  SUP 

_ sk(x) ; 

k>  r,  CK|x  |  <  cfh 

k=0 

00 

z 

amnk 

u 

11 

As  n  , 

r-1 

z 

arank  3k  (xmn)  ->  Cj  and 

oO 

z 

amnk  _>  1 

k=0 

k=r 

by  the  regularity  conditions. 

S  <  lira  sup  [sk(x);  k  >  r,  0  <  | x  |  <  J 

n->oo  J 

and  this  is  true  for  every  positive  integer  r. 


.....  '  - 


- 


‘  . 


*  "  1  . 

5  “  '  * 


,  , 


V 


.  f  - 


: 
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S  <  lira  (lira  sup  [  sk(x) ;  k  2  r,  0  <  |x|  <  J 

r  ->oo  n  ->°o  n  J 


=  lira  sn(x)  toy  definition, 
n  ->°° 

X  -5>0 

6  was  any  element  of  the  Gibbs  set  of  (crn(x)}  at-  x  =  0. 


.  .  lim  °~n(x)  <  lim  sn(x)  . 

n  ->°°  n  ->«o 

X  -5>  o  x  -?  o 

Theorem  3*2:  Let  W~  =  ^0k(Z)J  be  a  regular  limiting 

process  where  Z  approaches  a  real  number  a  through  real 

Z  -  a 

sufficiently  small.  Let  ^(t)  =  E  4(z)  sk^)-  Then 

k=0 


values.  Let  0V(Z)  toe  real  and  2  0  for  all  k  and 


oo 


lim 
Z  ^  a 
t  ->  o 


,(t)  ^  lim  s  (t)  . 

'  -  n  ->°°  n 


The  proof  of  this  theorem  is  similar  to  the  proof  of 
Theorem  3*1* 


Theorem  3*3  (Cramer [3]  ) :  Let  er  ^(x)  be  the  n  th  Cesaro 

mean  of  order  r  of  {sn(x)j*  Then  there  exists  an  absolute 


constant  r  ,  0  <r  rQ  <  1,  such  that 


exhibits  the 


Gibbs  phenomenon  at  x  =  0  for  r  <r  rQ  but  not  for  r  >  r  . 

Theorem  3.4  (Szasz  [19]  ):  Let  crg(x)  be  the  nth  Euler 

mean  of  order  r  of  {sn(x)}  where  0  ^  r  <  1.  Let  {  xn] 

be  a  sequence  such  that  lim  xn  =  0+  and  lim  n  xn2  =  0. 

n ->oo  n->oo 


Then  cr  r(x^)  = 
n  n 


rnx 


n 


smu 

u 


du  +  o  ( 1 )  as  n  ->  00 


o 


. 


__ 


•J 

-  ■ 


’ 

- 

K  .  . 


, 
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• 

» 

rr 
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ainu 


Corollary ;  Because  of  Theorem  3.1,  Uni  cr{\  (x)  =  /  du 

n  ->°°  /  u 


x  -*o 


and  the  Gibbs  phenomenon  occurs  at  x  =  0. 


Theorem  3*5  (Lorch  [l3l  )  :  Let  Bx(t)  be  the  x  th  Borel 

°f  Let  11m  tx  =  0+  .  Then 


mean 


x  -»<» 


xt 


X 


Bx  <**)  = 


-3-1111  du  +  o(l)  as  x  -><*>  . 
u 


Corollary : 


lim  B, 

x-><*  J 

t  — >0  + 

:(t)  = 

i 

phenomenon  occurs  at  t  : 

Theorem  3.6: 

Let  cr  £ 

r  of  (sn(t)} 

where  0 

lim  n  tn^  = 
n  -><» 

n^n) 

0 .  Then 

ntn 
=  1-r 

f 

0 

Because  of  Theorem  3.2, 
'it 

slnu 
u 


du  and  the  Gibbs 


n  ->°° 


n 


smu 

u 


du  +  o  ( 1 )  as  n  ->  • 


This  theorem  is  a  modification  of  Miracle’s  [l4] •  The 


du  +  0(t)  as  t  ->  0 


first  lemma,  however, 

is 

original 

Proof:  sn(t)  =  1 

t 

r 

sinnu 

u 

0 

II 

-P 

b 

# 

• 

• 

t 

f 

oO 

Z  - 

** 

ii 

o 

anl  sinku  ^  +  0(t)  as  t  ->o 

u 


o 


: 


. 


o 


•  ^ 


-f  0  ■ 


.  ■ 


.. 


.  • 


.  - 


r 


where 


Lemma 

where 

Proof 
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cx> 


m 


k=0 


ank  ® 


lku  \  du 
/  u 


+  0(t)  as  t  -►  o. 


Im 


(1  -  r)n+1  elnu 
(1  -  r  elu)n+1 


du 

u 


+  o(t)  as  t  -»  o 


(UE)n+1  slnjnu_+  ..(ntlM  du  +  0(t) 

V  U 


as  t  ->  o 


e_iO 


P 

pcos  © 
psin  © 


e 


2  _ 


=  1  -  r  eiu 

1  -  r  cosu . 
r  sinu 

1  -  2r  cosu  +  r2 
(l  -  r) 2  +  4r  sin2  H 


(l  +  r) 2  -  4r  cos2  - 

2 


••  0  <  1  -  r  <  p  ^  1  +  r  . 


)n  - 

p 


A  is  a  constant. 


-  nru^ 
2Tl-r)~2 


Anu 


u 


(l  -  r) 2 


4  sin2  75 


^^(u2  -  4  sin2  75)  +  4  sin2^ 


(1  -  r)2  f>2 


(  a2  -  (  1  -  r)2) 


.  J 


- 


\  .r.-i  ' 


. ) 


...  ) 


:r a 


d  :  o  - 


-  n  J. '  ’’ 


. 


■  : 


...  I  . 


. 
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=  4  p2  (“  +  sin  }j)  (-2  -  3ln  b  +  l6r  sin4  ^ 


4 


(1  -  r)2 


=  4  (1  +  r)2  (|  +  1)  (  |  )3  +  I6r  (  |  )4 

A 

(l  -  r) 


=  Bu  where  B  is  a  constant. 


Also, 


-ru2 
(1-r) 2 


(1  - 


ru 


(1-r) 


r2 

2 (l-r) 


4 


=  Cu 


4 


where  C  is  a  constant. 
It  follows  that 

(1  -  ?) 2 


For  convenience,  let  a 
XL 

f(x)  =  x  51  . 


-ru2  . 
(1-rJ2 


r 


b  =  e 


(r  B  +  C)  u 
-ru  2 
(1-r)2 


4 


and 


By  the  mean  value  theorem  we  have 

=  ft?)  where  min  [a,b]  <  t  <  max 


f (a)  -  f (b) 

a  -  b 


[a,b] 


Hence  0  ^  J  <  1  and  f (a)  -  f (b)  <  ^  |a-b| 


(1  -  r^n 


_nru£ 
2(l-r) 2 


<  ”  (r  B  +  C)  u4  =  /\nl/ 


4 


where  A  is  a  constant. 


This  proves  the  lemma 


. 


•J  • ' 


'  . 


- 


_ 


■  i.  ■  ■  *J 

- 

* 


.  • '  '  ' 

Ji  ■  • 
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Lemma:  (Miracle  [l4]  ) 


G  -  _£H 
1-r 


<  Au9  where  A  is  a  constant, 


Using  these  results  and  the  assumption  that  lim  n  t  ^  = 

n  ->°°  n 


0 


it  is  easily  shown  that 

t, 
r , 


n 


^  n^n)  = 


-  UrU 
2(l-r) 2 


sin(-J™_  ) 


1  -  r‘ 


du  +  o(l) 


u 


as  n  ->oo  . 

Following  the  example  of  Lorch's  paper  [13]  It  is  easily 
shown  that  the  exponential  may  be  replaced  by  1  with  error 
o  ( 1 )  as  n  ->  «  . 

nt. 


'n 


1-r 


sinu 

u 


du  +  o(l)  as  n  ->  00  . 


Corollary :  Because  of  Theorem  3»1» 

-7T 


lim  cr^(t) 
n  ->oo  n 
t  ->  o 


sinu 

u 


du 


and  the  Gibbs 


phenomenon  occurs  at  t  =  o, 


Remarks : 


(1).  In  the  Szasz  theorem  [19]  on  Euler  means  the 

restriction  lim  nxn2  =0  on  the  sequence  (xnJ  may  be 
n 

replaced  by  lim  nx  ^ 


n  ->«> 


n 


=  0.  The  proof  requires  computations 


- 


_ 


.....  ..  ... 


... 

- 


.  '•  -  , 


- 


1 

-  -  -  , 


- 


.  ) 


■■  ; 
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similar  to  those  above. 

(2).  Using  the  lemmas  of  the  preceding  theorem,  the 
Lebesgue  constants  for  Taylor  summability  are  easily  computed. 
It  can  be  shown  that 


L  £(n)  =  L  B(  — )  +  o(l)  as  n  qo 

where  L  ^(n)  is  the  nth  Taylor  -  Lebesgue  constant  and 
L  B(x)  is  the  xth  Borel  -  Lebesgue  constant. 

Theorem  3*7  (Modification  of  Miracle’s  Ji&lt 

Let  <rn(x)  be  the  nth  [F>aJ  mean  of  [sn(x)|  •  Let 

{xn3  be  a  sequence  such  that  lim  xn  =  0+  and  lim  K^x^  =  0 

n  “>°°  n 


where 


Hn 


n 


J=1 


1 

X  + 


Then  ^n(xn)  = 


Hnxn 


sinu 

u 


du  +  o(l)  as  n  ->  oo 


o 

Proof :  This  theorem 

Corollary i  Because 

Tim  c“n(x)  = 
n  ->°° 
x  — >  o+ 


is  easily  proved  using  Miracle's  computations. 

of  Theorem  3*1 » 
t r 

du  and  the  Gibbs  phenomenon 
o 


occurs  at  x  =  0 


*  i '  ; 


>.  '  cT  nvo;'  -> 


— 


-  - 


)  £ .  ■ 


' 


-  : 


- 


-  ..... 
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<  • 


•  .  . 
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1* 


_ 

.;  >  _ 
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Theorem  5*8  (Harslladge  [16]  )  : 


Let  B  ^(x)  be  the  nth  Berstein  -  Rogos inski  mean  of 
order  k  of  {sn^x^}  •  Then  |b  ^(x)|  exhibits  the  Gibbs 
phenomenon  at  x  =  0  for  k  =  1,  2,  •••  although  in  rapidly- 
decreasing  measure  since 


lim 
n->°° 
x  ->  o 


B  *<z)  -  f  < 


1 

2^(k  +  l) 


Theorem  3»9  (Lee  [l2*] )  : 

Let  °"x(t)  be  the  xth  Riemann  mean  of  order  1  of 
{sn(x)}  .  Then  |o"x(t)J  does  not  exhibit  the  Gibbs  pheno¬ 
menon  at  t  =  0. 


Theorem  5»10  (Cheng  ISU.: 

Let  be  the  th  (R,  n2,cx)  mean  of  {sn(t)}  . 


Let  of  >  0.  Then 


<=x 


-  °^  /  v  ^  '  n  /  \ 

lim  cr-^  (t)  =2  2  f(«  +  1) 

UJ  ->cO 

t  O 


J*  +«  <u)  du  > 

.mm  I  ,  . 


u 


where  T  is  the  smallest  positive  zero  of  J_l  +e<  (u)  . 
Corollary :  The  Gibbs  phenomenon  occurs  at  t  =  0. 
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Theorem  3.11  (Sledd  .Ml: 

Let  crn(t)  be  the  nth  regular  Sonnenschien  mean  of 
jsn(t)}  .  Then  {an(t)}  exhibits  the  G-lbbs  phenomenon  at 
t  =  0  . 

Theorem  3.12  (Szasz  feo] ) : 

Let  h(t)  be  the  nth  regular  Hausdorff  mean  with 
weight  function  of  ^sn(t)j  . 

Then 

1  nt. 


'n 


sinry 

y  dy  oC'/'i r)  +  0(1)  as  n  ->°o 


o  o 


(l  -  /(r) )  sin  ntnr  +  o(i)  as  n  ->  gw  . 
r 


Theorem  3«13  (Newman 

Let  hn(t)  be  the  nth  regular  Hausdorff  mean  with  weight 
function  g  of  |sn  (t )j  .  Then  if  g  is  discontinuous  and 

1 

Id  g  (r)| 


S  oo 


exhibits  the  Gibbs 


phenomenon  at  t  =  0. 
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Theorem  3*14  (Kuttner  11  )  ; 

Let  cr^(x)  be  the  ooth  (R,  n^,  k)  mean  of  {3n(x)j  . 

Then,  If  0  <  ^  <  2,  there  Is  a  function  r(%)  such  that 

£<r£(x)}  exhibits  the  Gibbs  phenomenon  at  x  =  0  for 

k  g  r(x)  but  not  for  k  >  r(x)  .  The  function  r(x)  is 

continuous  and  increasing,  lira  r(>-)  =  0  ,  r(l)  =  r  , 
z  x  ->o 

Cramer’s  constant  and  lira  r(-x)  =  0.  If  x  >  Z  , 

{cr*(x)/  exhibits  the  Gibbs  phenomenon  at  x  =  0  for  all  k. 


Theorem  3«15: 


Let  B  (xn,t)  be  the  nth  Barlaz  mean  of  and 

let  {x^j  be  chosen  so  that  the  method  is  regular.  Let  {  tnJ 


be  a 

sequence 

such  that 

lim  tn  = 
n  ->oc 

0+ 

and 

lim 
n  ->oo 

Then 

B(xn, 

c+ 

II 

xntn 

f  sinu 

/  u 

du 

+ 

o(l) 

This  is  an  original  result  due  to  the  author, 


Proof : 


s(ak*'tn)  =  e' 


-xn  'S  J  -  ^2  + 


n 


Z 

v  — o 


i 


du 

2  sin  u 
2 


xn 

v  i 


(see  Barlaz  [l]) 
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Zsin  (  V  +  •£)  u  _22 

v  1 

V  =0 
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Im  }  e  5s 

'  Vi 


V  =0 


iu 

:Im  i  e  2 
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]T  (xn  eiu) 
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(  e 


xn  6 
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iu 
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xne 


iu 


zn  e“z  d  z) 


=  e 


^qCOSU 


sin  (x.n  sinu  + 
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ni 


x. 


^n  ^(xn~w,)e  +  (n+-2)  iu 


doJ 


•  •  B(x^»  t»j^)  — 


'n 


(z  =  ueiu) 


-(l-cosu)x.n  .  ,  U 

n  sin(xnsmu  +  2)  hu 


2  sin  - 


sinu 

u 


du 


-  D(Xn» tn)  +  o(l)  as  n  ->  00  • 
D(xn,tn)  +  o(l)  as  n  ->  00 


by  Lorch’s  Theorem  [13] 
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e  ""X]Ll 

D(xn»tn)  =  — j 


xn 


o  o 


n  "(xn*’u))  °o3u 


to  e 


in(  (xn-a>)  sinu  +  (n+^)u)duJ  . 


du 


2s  in 


u 


1 

“  nl 


t  x 
n 


/  I  n  -u;  -(xn-u))2sin2  §  , ,  v  ,3 

J  J  uj  £  e  n  2  sin(  (xn-a>)  sinu  +  (n+75 


o  o 


2)u)dcx»  . 


du 


2s  in  - 


*n  xn 


=  J  e~W  sin^xn“uj)sinu  +  (n+^)u)duu 


0  o 


du 


2s  in  — 
2 


where  0  <  k  i  1. 
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Now  — , 

ni 


n 

/ 


n 


uJ 


n 


e  duo  =1-0 


•x 


n 


Z 

V  =0 


n 


-x* 


For  regularity,  lim  q  '"n 

n  ->°° 


z 

^  =0 


x. 


£  =  1 
1/  3 


fn 

W! 


1 

nl 


n 


n  „  - 


u> 


o»  e”  dcu  =  o(l)  as  n  -> 00  . 

x? 


Using  this  fact  and  the  fact  that  u  -  sinu  <  -  for  u  > 

2n  it 

and  sinu  <  —  for  0  <  u  <  —  ,  it  is  easily  shown  that 


0 


- 


. 


.■  ‘  - 


- 


- 


, 


30  - 


xn 


D(Xn»tn) 


A 

nl 


u)ne"U>sin(x  -co+n)u  dw  ~  +  o(l) 


as  n  ->«  . 


o  o 


A 

ni 


tn  xn 


o  o 


f(co,u)  dujdu  +  o(l)  as  n  ->oo  . 


x. 


Jn 


n 


J  f(u>,u)  du  exists  for  all  uj  and  J  f(oj,u)  duj 
o  o 

exists  for  all  u.  Hence  we  can  interchange  the  order  of 
integration. 


x- 


n 


'n 


=  5 


A 

ni 


n  -  uj 
oo  6 


sin(xn-uH-n)u  du  dw  +  o(l)  as  n  ->o°  . 


x, 


n 


1  A 
ni 


n  -uj 
uJ  S 


(xn-w+n) tn 


sinu.  du 
u 


d  a)  +  o  ( 1 )  as  n  -> »  . 


it 


x. 


n 


=  A 


sinu  , ,  1 

”u  du  nl 


ton  e~iJj  duj  +  o(l)  as  n  ->  <*>  . 


=  o(l)  as  n  — ■>  oo  . 


This  proves  the  theorem. 
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Corollary : 

11m  B(xn,tn)  = 

n  ->oo 

t  o 

menon  occurs  at  t  =  0. 

On  the  other  hand  let  f  be  any  integrable  function, 
periodic  with  period  2it,  Let  sn(x)  "be  the  nth  partial  sum 
of  the  Fourier  series  of  f(x).  Then  the  following  results 
are  known: 

Theorem  5*16: 

Let  A  =  (a^)  be  a  summation  method  and  let  crn(x)  = 

k=0 

oo 

Let  an]r  --n )  —  >  0  for  all  n  and  x. 

k=0  2  sin  2  x 

Then{°’n(x)]  does  not  exhibit  the  C-ibbs  phenomenon  at  any  point. 

This  theorem  appears  to  be  well  -  known.  Prasad  and 
Siddiqi  [l6]  for  example,  take  it  for  granted  in  their  paper. 

Theorem  3>17  (Prasad  -  Siddiqi  [16] ) : 

Let  (x)  be  the  nth  Norlund  mean  of  |sn(x)j  •  Let 
Pn  >  0  and  mono  tonic  non-decreasing.  Then|o"n(x)J  does  not 
exhibit  the  Gibbs  phenomenon  at  any  point.  (The  proof  of  this 
theorem  depends  on  the  preceding  theorem) . 
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T i leorein  3«l6  (Kuttner  rioj)» 

Let  A  =  (a^)  be  a  k  -  method  and  let  o"n(x)  = 


be  bounded 


k=0 


k=0 


below  for  all  n  and  x.  Then  |cr^(x)J  does  not  exhibit 
the  Gibbs  phenomenon  at  any  point. 

The  converse  of  this  theorem  is  also  true. 

Another  type  of  result  may  be  obtained  by  placing 
restrictions  on  the  function  concerned.  In  the  following 
f  is  an  integrable  function,  periodic  with  period  2tr,  and 
sn(x)  is  the  nth  partial  sum  of  the  Fourier  series  of  f(x). 

Theorem  3«19: 

Let  f  be  of  bounded  variation  in  an  interval  I  and 
let  I'  be  an  interval  interior  to  I.  Then,  for  -f  61*, 


lim  sn(x)  =  f ( f  +  0)  +  f (f  -  0) 


n  •  2 


du 


o 


>  f  (  f  +  0)  +  f(f  -  0) 

2 


if  f  is  discontinuous  at  x  =  f 
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Hence  {3n(x)j  exhibits  the  Gibbs  phenomenon  at  each 
point  of  discontinuity  of  f  in  I*  and  only  there. 

This  result  and  the  one  following  are  well  -  known 
(see,  eg.,  Zygmund  [22]). 

Theorem  3»20: 

Let  the  modulus  of  continuity  of  f  be  o(  in 

an  interval  I.  Then  {sn(x)}  converges  uniformly  in  every 
interval  I*  interior  to  I  and  hence,  for  f  <=  I*»  [3n(x) 
does  not  exhibit  the  Gibbs  phenomenon  at  x  =  f  . 

Theorem  3»21:  (Izumi  -  Sato  [8]): 

h 

Let  J  |f(x  +  u)  -  f(x  -  u)]  du  =  0(logh)  uniformly 
o 

in  x  as  h  -$►  0.  Then  |  sR(x)  }  does  not  exhibit  the  Gibbs 
phenomenon  at  any  point. 


Theorem  3»22  (izumi  -  Sato  C8]); 


Let 


h 

|  f (x  +  u) 
o 


f( 


X  -  u 


du 


o(h)  uniformly  in 


x  as  h  o«  Let  cr^(x)  be  the  nth  Cesaro  mean  of  order  r 
of  {3n(x)J  .  Then,  for  r>0,  |cr£(x)]  does  not  exhibit 


the  Gibbs  phenomenon  at  x  =  0. 
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This  will  give  the  reader  an  idea  of  the  type 
of  results  which  have  been  proved  concerning  the  Gibbs 
phenomenon.  The  bibliography  shows  that  much  of  this 
work  has  been  done  recently. 

For  each  new  limiting  process  which  is  devised, 
the  question  of  whether  the  transform  of  the  sequence 
n 


sin  k  x 
k 


exhibits  the  Gibbs  phenomenon 


will  naturally  arise. 

The  generality  of  the  weight  function  in  the 
Hausdorff  summation  method  leads  to  the  question  of 
finding  necessary  and  sufficient  conditions  that  the 
method  preserve  the  Gibbs  phenomenon  of  the  same  sequence, 
Livingston  [38j  and  Newman  [l5] »  for  example, have  part- 
ially  answered  this  question. 

The  problem  of  finding  general  classes  of 
functions  whose  Fourier  series  exhibit  the  Gibbs  pheno¬ 
menon  is  one  which  has  been  attacked  recently  by  several 
Japanese  mathematicians.  They  have  extended  some  known 
results  to  include  functions  having  discontinuities  of 
the  second  kind. 

Questions  along  these  lines  and  many  other 
questions  concerning  the  Gibbs  phenomenon  are  far  from 
being  completely  answered. 
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